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There are several factors which must be included in any satisfactory treatment of the interaction of the surface of a metallic substrate with an atom or ion approaching it. First the potential gradient, which has a two dimensional repeat lattice parallel to the free surface, and which arises near the free surface from the truncation of the lattice, raises the degeneracy of the orbitals of the approaching atom. Rao and Waber [I] have recently studied this using an ionlattice model. Second, an ion near the free surfaces induces an electronic redistribution in the metal and the ion is subject thereby to a potential which approaches the classical image potantial at large distances.
Newns [2] has derived such a potential based on a specific alternating distribution of charges along a line in the metal perpendicular to the surface. It depended on the dielectric response of the metal. Rao and Waber [3] have used an ion-lattice model to obtain a potential which also converges to the classical image potential at large distances but which also exhibits the two dimensional granularity of the potential experienced by a charge when it is only one or two interatomic distances from the surfaces. Justification for such a model will be taken up in a later section. These two aspects are primarily ones external to the metal and might well lend themselves to molecular orbital or to tight-binding methods. A third aspect of the general problem is the behavior of the electrons in the vicinity of the free surface. It will be this topic which is the major one of this paper.
When a volume of metal is constrained by two or more surfaces, its total energy is increased relative to that possessed by the small number of atoms in an infinite block. A large portion of this energy arises from an increase in the kinetic energy of the electrons. Charge oscillations similar to Friedel oscillations occur near the surface and due to barrier penetration a double layer forms. Another contribution to the surface energy arises from the electrostatic energy. However, Lang and Kohn [4] , [5] show that the local variation in the exchange and correlation of the electrons in this region is very significant.
The latter authors show that the c( jellium >) model is quite inadequate to obtain correct surface energies of metals with electronic densities higher than that of aluminum. We will discuss the generation of realistic crystal potentials which could be used in the selfconsistent approach which they have employed.
We will first discuss the repopulation of momentum states which arises from intruding free surfaces into a bulk metal. We will retrace the argument with the tc jellium )) model since the argument can readily be adapted to use on the density of states curves of transit, on metals which had been carried out by KKR or APW methods. The argument can also be used to estimate the effect of the anisotropy on various (hkl) planes. Both of these topics will be discussed from the standpoint of the calculational problems encountered which primarily are similar to those encountered in energy band calculations of the perfect solid.
We are not presently at the stage where we can calculate the overlap of the crystal orbitals with those of the adsorbable atom or ion. We will content ourselves here with obtaining some of the features of the crystal orbitals of a bounded solid.
Model of a finite metallic solid. -Truncation of a solid by a plane at x = L and separation of it into two parts so that no atoms exist for x > L, causes a local breakdown in Bloch's theorem. That is, the wave function
This causes certain momentum states to be unoccupied and in order to conserve the number of electrons per atom, it is necessary to increase EF. Let us look at this problem.
1. Infinite barriers. -Initially we will deal with a potential well which we will assume to have infinite potential walls in the x direction at 0 and L,, in the y direction at 0 and L, and in the z-direction at 0 and L,. This is a c( jellium )> model in the sense the positive charges are assumed to be smeared out so that the potential inside the well is uniformily -V,.
A typical solution is
Research supported by a grant from the National Aeronau-$, , , , , , = ALmn sin -sintics and Space Administration. z = L,, the function vanishes for all integer values of 1, m and n as required by the infinite potential barrier. The coefficient A,, can be determined by box normalization. Note that for state I = 0, m = 0, n = 0 the wave function vanishes for all values of x, y and z values within the box. Therefore this state is not occupied since it cannot be normalized.
Let us further consider L, and L, to be very large while Lx is only a small distance, namely one which corresponds to a few interatomic distances in a real solid. For the present we will consider the two surfaces bounding a thin sheet of material.
The energy of the (Imn)th occupied state is A value of EF exists such that the energy of a set of I, m and n values is less than EF and the energy of any other member of the { I, m, n ) set is greater than EF.
If E(1mn) were a continuous function of its parameters rather than discrete one, EF would be a ellipsoid Fermi surface. Let us call the maximum allowed values of the three integers I , , m, and n, ; the maximum value along either the x, y or z axes, respectively. Then N, the number of states allowed, ranging from -I, , , to
where G is the fractional volume of an ellipsoid inscribed in a parallelepiped. For a change from I, to I,,,, the change in the number of states is
In both eq. (3) and (4), the spin degeneracy has not been included. The change in energy AE accompanying the increase of I, by unity is
The density of states AN/AE can be estimated in the following way
The volume of the minimum bounding ellipsoidal volume is Some error will arise when the difference between discrete intervals is large. Then certain cells may be inside and some outside the enveloping ellipsoid. An illustration of this feature is presented in figure 1 . Thus we can write a mean Fermi wave vector k, as follows which is related to the expression that is usually written for a cubic block of material. Positive and negative integers can be assumed for the wave functions which can be combined into complex linear combinations which differin form from eq. (1) I lmn > = B,,, exp Now let us apply the assumption that both Ly and L, 9 L,. In fact, it will be convenient later to assume that they are sufficiently large that cyclic boundary conditions can be accurately applied. Then the spectrum of discrete states is so dense, that we can then replace (mn/L,) by a continuous variable k,, and can define k, similarly. Then we can write
and this wave function satisfies the boundary condition of an infinite potential barrier at L,, where k, = .n/Lx. Sugiyama [6] showed that there is a region near the boundary where electrons are excluded and as a consequence Freidel oscillations occur in the interior.
2. Finite barrier. -We will replace the infinite barrier with a more realistic one such as If we assume in addition that we have nearly free electrons with effective mass m* (times the free electronic mass me) we can define an auxiliary quantity p such that Here we will use the atomic units h = me = e = 1 and hence the energy will be in Rydbergs.
Because of the finite step, barrier penetration into Region 11 occurs and the charge density for I x I > L, becomes exponentially decaying of I x ( is the energy E(1mn) is less than I -Vo I.
In Region I, we have
The exponential decay factor in Region I1 is defined as
and we can write the appropriate wave function as
The rationale for introducing a new length in the X direction is that a some distance d beyond L,, the charge density will fall approximately to zero, so that effectively a new infinite barrier could be erected at + 1 and the total charge balance be conserved.
Region I is thus expanded and the maximum k in the k, direction will approximately be Note that 6 is a phase shift which is related to d and the e-folding distance of the tail of the wave function. The general behavior of metallic electrons near finite surface barriers was studied first by Huaug and Wyllie [7] .
If the interior charge density p(xyz) is unaltered far from the barrier, the new potential step is determined by p2 and one finds that v which is the ratio of p2/E, is greater than 1. Stratton [8] and Huntington [9] have also treated this problem in considerable detail. The charge density p(x) matched at the boundary of two regions is given by
This expression also assumed that Kx can be replaced by a continuous variable k.
Analytic estimation of surface energy. -Above we defined surface energy as the increase in total energy when a piece of metal is cut and a free surface is formed. Brager and Schuchowitzky [lo] pointed out in 1928 that localizing the electrons to only a part of space had to increase their momentum as a consequence of the uncertainly principle. The states deoccupied because they have a zero momentum component along the k, axis are indicated by empty circles. Call Ei the energy of the states so excluded and p the number of them. New states above E, must be occupied to conserve the number of electrons/atom. We will indicate the newly occupied states by filled squares and indicate their energies as E,.
The new Fermi energy we will designate E:. The net increase in kinetic energy
Alternatively we may write where E, is energy of the lowest state. The quantity a would be determined by the mean value theorem and would be between 112 for a linear array of Ei states and 315 for a cubic array. Identify the mean Ei with k,.
If Ly and L, were sufficiently large and equal, the cells in phase space would approximately be needleshaped. This feature of a finite dimension in the x direction merits further study. The E(k) would be continuous in two directions but discrete in the K, direction.
Assuming a spheroidal Fermi envelope as in figure 2, the excluded states for barriers at f 1 are confined to a spheroidal slice Ak units wide each side of the plane k, = 0. One can write the energy of any state as
If ky and k, can be regarded as continuous, then the radius of the slice or (( band >> would be k, . The area of the outer circular area of the slice would be n(ki -k2) and such a factor occurs in eq. 19.
In an octant of the phase space, the number of states available in the unperturbed sheet of metal is assuming that I, K, is k. And if the average energy of the states is (315 k&/2 m*). Then the kinetic energy of the unperturbed solid is If k, and k, are not too different, T, depends on the fifth power of k,.
The number of states p will be given by Since the volume of the slice of excluded states is approximately (2 n Ak) k: .
Assuming that each state in this slice has the average increase in energy of 611 1 k&, then the influence of the two parallel surfaces on the kinetic energy of the electrons is Thus the surface term for 2 parallel planes is approximately the fraction (30 Aklll k,) of the unperturbed total kinetic energy T, and it depends roughly on k&.
Looking at the corrections due to the six surfaces, one term will contain an increase A, if we assume that the new k :
, due to promotion into previously unoccupied states is (1 + A) kM = yk,. We can calculate A, by counting the number of states. Then where V = (L; L,). Thus we can obtain and because Aklk, is small, q > 1.
Slightly different numbers will occur if the solid is a parallelepiped instead of the thin sheet we have assumed so far. The surface area of such a solid would be (4 Ly L, + 2 L;). Alternatively we can find p from the number of states added to a thin shell outside the spheroid EF. Thus Then the total energy E can be obtained from p by multiplying by the energy of each state which is equal to k& A2!8 m* and where the second term arises from three intersecting excluded areas (from the slices) which occur in the thin shell. After dividing E by the rough surface area 6 L2 one gets When barrier penetration is taken into account then there is a negative contribution as Stratton [8] showed.
where v was defined above before eq. (19) .
Estimation of surface energy from density of state curves. -Let us turn our attention not to a spheroidal Fermi surface but to a more complex one determined by band calculation. In principle, one can obtain much the same results by excluding a slice 2 Ak wide from the true Fermi surface. The QUAD scheme developed by Mueller et al. [ Ill was adapted to counting how many states randomly generated states Kr fell in the excluded region. The anisotropy of the surface energy due to different (hkl) barrier planes could be found by excluding a properly rotated slice. For this study we used three free surface planes and the pertinent exclusion criteria are :
Plane Criteria -If the K: component of any random state (K:, Ki, K,') met the first criterion, the state was not occupied but the electrons were added to a previously unoccupied state above EF. The other two criteria are quite similar. At the time of writing this paper, the method has only been checked with the parabolic band of a nearly free electron metal. The energy of a state is given by an equation which is equivalent to eq. (2). We have assumed a body centered cubic solid with four (sp) energy bands and assumed that there are only six electrons per atom. A statistical analysis indicates that an acceptable value of Ak is proportional to N,-"~ where N, is the number of states generated randomly. In the QUAD program, a quantity MESH is the number of division one takes along the r -X direction in the Brillouin Zone. This sets the number of cubicles studied in the Brillouin Zone. Two values namely 4 and 8 were used in this study. The information found by excluding the states found in one slice 2 k wide for MESH = 4 are summarized in Table I. With this small network, it is not possible to obtain the ideal parabolic density of states curve. The derived curve is shown in figure 3 . It exhibits several spikes even though we generated 2 000 points in each cubicle. Most of these deviations are eliminated where MESH is doubled as we will presently see.
One may schematically represent the energy of the excluded states Ei and the new states E, as shaded areas in figure 4 . The shift in the Fermi level at 0 OK is also indicated. It was assumed that the set of six ( 100 ) in figure 6 and for the (1 11) surface in figure 7. There is some suggestion of structure in the curves of excluded states rather than the featureless shaded area in figure 4 . That is, there is a small increase in the signalto-noise ratio peak observed in figure 5 near 33. 334 milli-Ry or mRy). For (1 10) surface, a broad level region is suggested above from 280 to 420 mRy. For the (111) surface, a two peak structure is suggested.
Turning to the part of the study in which MESH = 8 was used, a nearly perfect parabola is seen in figure 8 . The parabola does not continue much above 330 mRy because only a limited number of bands, 4, were used and additional energy bands (in the reduced zone scheme) must occur for the parabola to continue. The numerical results are presented in Table 11 . The density curves of the excluded states Ei are presented for the (100) surface in figure 9. A small peak is also found near 330 mRy as it was in figure 5. The broad peak observed in figure 6 for the (1 10) surface is more 0.000 nearly resolved in figure 11 into two peaks located in the energy range which was mentioned above. The two peaks suggested in figure 7 for the (1 11) surface have been merged into one broad peak in the companion figure, namely figure 11. The location of the peak is approximately the same. [15] and Lang 1161 reformulated the problem and made self consistent calculation of the local charge density p(r) near interfaces. Here p(r) was a rapidly changing function and Friedel oscillations were observed. Agreement was obtained with experiments on the work function and surface energy. This agreement is good as long as the density p(r) is low, but it rapidly deteriorates as p(r) approaches the electron density of moderately dense metals such as aluminum. Even negative surface energies were found.
Lattice models. -In the present treatment; we have been aware of such limitations of using a (( jellium )) model. We have used it to (a) rationalize the exclusion of certain states and to (b) test whether anisotropy in the surface energy of the (hkl) plane could be found. The question of whether the success is fortuitous can only be assessed later when actual band structure calculations have been used in a similar manner.
It is our conviction that a model similar to that of Lang and Kohn [4], [5] which does include ioncores imbedded in a locally varying electron gas must be used to obtain realistic answers. To this end we have devoted considerable effort to obtain realistic potentials of the crystal, both in the bulk and near the surface.
Lang and Kohn [4] point that the ground state energy of a many-electron system in an external potential V(r) may be written in terms of the charge density p(r) as In this expression the second term is the Coulomb interaction between electron, T[p] is the kinetic energy of the electron gas and E,,[pl is the appropriate exchange and correlation contributions to the energy. The last two quantities are functionals of the local charge density p(r). There are many things to commend them on in their analysis. One limitation of their method is of calculating the effective potential. They represent the ion-cores by appropriate pseudopotentials. This band structure technique is very successful for dealing with the bands of metals derived from s and p states of the free atoms. However, it has a tendency to break down for transition metals where the d-bands are no longer well separated from the bands with substantially s-p character.
Either the APW or the KKR methods lead to greater success in treating the conduction electrons of transition metals. Both are usually characterized by the use of the c< muffin-tin potential B, that is by a constant potential in the region outside the ion-cores. It is worthwhile to point out that this is not a real limitation since Koelling and his colleagues [18] have successfully used various modifications and have calculated the local warping of the <( muffin-tin )) and included the latter in their band structure calculations of the bulk d-transition and f-transition metals Bennett and Duke [13] pointed out that the local exchange and correlation contributions to the inter-there is free space in the + Y region. The XY plane facial potential were very important in making any thus represents a (010) surface. Consider now one self-consistent calculations. This finding was in accord unit cell and a new set of coordinate axes x, y, z with the earlier calculations of Bardeen [I91 and with origin at the center of the unit cell, on the Y Cutler and Loucks [20] . The recent papers of Lang axis. Let the distance between the two origins be and Kohn [4], [5] stress this point and suggest that equal to D and consider first a unit cell for which it may be the dominant factor in calculating the D > R + 1 units. This unit cell may be considered surface energy. to be unaffected by the surface in that for all points The forthcoming paper of Kennard, Perrot and within the unit cell the sphere of radius R falls compleWaber [21] is based on Perrot's self consistent APW tely within the lattice side of the surface and all band structure calculations [22] in which the exchange atoms contributing to the potential are present. Let energy is calculated with crystal orbitals. It is hoped us consider some particular point [ax, by, cz] within that good agreement will be achieved.
the unit cell, together with its sphere of radius R and move the origin of the coordinate system x, y, z Lattice potentials. -Let us turn Our attention along the + Y direction, i. e. towards the surface. At to the generation of the potentials for semi-infinite some point, the sphere will touch the surface and as D lattices (*). The local effect of defects and adsorbed becomes more positive, some atom sites within the atoms will be indicated. sphere will be outside the surface and thus will be The input data is the self-consistent field densities empty. ~h~ potential at the point [ax, by, c z~ will obtained using a relativistic Dirac-Slater calcula-thus be increased. some point the sphere will be tion [23] . t he atomic potentials were obtained by completely empty, i. e. this is a point in free space. numerical integration of Poisson's equation using a hi^ is the way in which the summation is carried Simpson integration routine. As the summation proce-out by the computer. T -,~ X, Y, co-or~inates are dure is essentially the same for potential and charge arranged so that the XY plane contains the origin of density, the description given below supplies equally a unit cell. At the start D is set equal to R + I . A to either. , r, V;,, ppm, is maintained. The exchange the point under consideration. That is, for each point potential contribution is then evaluated using Slater,s [ax, by, czI in the unit the atoms located within original free electron approximation ,241 and added a distance of R units must be found and the potential to v~( x y z ) .
Here contributions from these atoms summed.
The unit cell of the direct lattice was divided into
8 000 points, i. e. 20 points/cell side, and the atoms within a distance of 5 a0 from each point were listed gives the total crystal potential v(xyr) at this point.
together with the distance (1' + +' + n2)'" = rr. Due Kohn and coworkers [41, have indicated that to the of the cubic lattice, points lying corrections 1251 due to the rapidly changing p(xyz) within the basic 1/48 of the unit cell were considered. should be included in calculating Vx, (xyz) . value
This leads to a total number of points of 286. Thus of is then changed to D' = + 2, which is equifor each of these 286 points, m, n we calculate those valent to moving to the next unit cell. At this position, atoms which will contribute to the potential and the the list of is scanned for those values for which distances of these atoms. potential outside the last row of ion cores for a dis-tance equivalent to that inside. For unit cells which have lost potential contributions due to the surface, the potential distribution no longer has full cubic symmetry and thus the potential at the point [xyz] will no longer be equal to the potential at the 48 points which are equivalent in the bulk. Thus corresponding to each point [xyz], the potential must be calculated separately for those equivalent points which are not produced by a rotation around Y. The procedure is An isometric drawing of the potential near the surface is presented in figure 13 . The Figure 14 is a perspective drawing, in which the truncated values are represented as points. The drawing shows that the muffin-tin potential of a metal like platinum is significantly warped. A third way of representing a complex potential surface is in terms of isopotential lines. Figure 15 is the two-dimensional potential variation over the plane x = I ; this cutting plane passes through the centers of the atoms.
The method outlined above (generating surface potentials) can easily be used for V on the (hkl) plane. Figure 16 is the potential contours for the (311) plane of platinum.
A similar contour plot is presented in figure 17 for the platinum crystal in which the 3 atom sites indicated in figure 12 are vacant. This indicates the potential variation near a step on the surface.
A similar picture is presented for BCC tungsten in figure 18 , three sites in the uppermost row are also vacant. Another significant difference is that the cutting plane is X = 6 and consequently it passes between the atoms. The steep gradients in V,,, just beyond the atoms is clearly indicated in this figure.
Another type of surface defect is illustrated in figure 19 . For this, the cutting plane y = 71 is parallel to the free surface. For this drawing the vacancy is (( split )) by an atom which is at the saddle point between lattice sites. This can be regarded as an atom in the <( act of diffusing D. The distorted region extends over several interatomic distances. It is instructive   FIG. 17. -Contour map for the 3 vacant sites indicated in figure 12 . Relates to the variation near a lattice step.
Cutting plane is X = 1. to show the potential variation over another cutting plane which is parallel to the free surface and 20 units (or a,) above the plane in figure 19 . Most of the geometric features of the contour lines in the latter figure are present in figure 20. Thus a charged particle outside the metal will experience a potential which reveals any surface defects present in the metal.
Another situation is indicated in the next four figures. A monolayer of oxygen atoms were added with their centers on the plane y = 78.68. Typical values for X and Z coordinates would be 1, 21, 41, etc. ; that is, the foreign atoms were placed at the centers of the square of surface atoms. Local distortion of the surface potential by these ad-atoms is shown in figure 21 . The pattern parallel to the surfaces as shown in figure 22 is interesting. The cutting plane is y = 75. The potential from the oxygen atoms is a small, roughly circular region. The potential has been further and <<bow ties )) occur in 4-fold symmetry between the thorium that is between four thorium neighbors. Note the partial bow ties )) between neighboring surface atoms.
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atoms. The monolayer of carbon atoms can be added closer since these atoms have a smaller radius. In figure 23 the centers of the carbon atoms be on the plane y = 72.48. The (( bow ties D can be seen to radiate from the atoms into the metal < 110 > directions. The potential just beyond the plane y = 80 is considerably smoother than in figure 21 . The potential parallel to the surface on plane y = 71 is depicted in figure 24 . The system of isopotential lines is much more complex. The changes caused by an adsorbed monolayer can be further seen by comparing figures 21 and 23 with figure 15 and figures 22 and 24 with the undistorted portions of figure 19 . While the changes may even be more complex than has been indicated so far, due to the lateral redistribution of the electronic charge density as discussed by Smoluchowski [27], these computer generated potentials serve to remind us of the care which must be taken to obtain realistic answers to practical situations. More important they will serve as an important ingredient in making any self consistent field calculations of surface energies and the electronic charge densities of transition metal.
